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ABSTRACT 

The hyperbola given by 01722042 22  yxyxyx  is analyzed for its non-zero distinct integer 

solutions. A few interesting relations among the solutions are presented. Employing the solutions of the equation under 

consideration,the integer solutions for a few choices of hyperbola and parabola are obtained. 
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     INTRODUCTION

Diophantine equation of the form 122  Dxy  where D is a given positive square free integer is known as pell 

equation and is one of the oldest Diophantine equation that has interested mathematicians all over the world, since 

antiquity, J.L. Lagrange proved that the positive pell equation 122  Dxy  has infinitely many distinct integer 

solutions where as the negative pell equation 122  Dxy  does not always have a solution. In [1], an elementary 

proof of a ceriterium for the solubility of the pell equation 122 Dyx  where, D is any positive non-square 

integer, has been presented. For examples, the equations 47,13 2222  xyxy    have no integer solutions, 

where as  1202,165 2222  xyxy  have integer solutions. In this context, one may refer [2-21].  

 

In this communication, the hyperbola represented by 01722042 22  yxyxyx  is analyzed for its non-

zero distinct integer solutions. A few interesting relations among the solutions are presented.Employing the solutions 

of the equation under consideration,the integer solutions for a few choices of hyperbola and parabola are obtained. 

 

METHODS FOR ANALYSIS 
The binary quadratic equation representing hyperbola is  

 

01722042 22  yxyxyx
      (1) 

 

We present below two different patterns of non-zero distinct integer solutions of (1).  

 

PATTERN:1 
Treating (1) as a quadratic in x and solving for x,we have 
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Let 66366 22  yy
   

 

126 22  Y
                                                                                    (3) 

 

where     3 yY                                                                                                                                 (3a)    

The initial solution of (3) is 2,6 00  Y  

To find the other solution of (3),consider the pellian equation 

 

16 22  Y
                 (4) 

 

whose general solution is given by 
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Applying Brahmagupta lemma between  ),( 00 Y  and )
~

,~( ss Y  the other integer solutions of (3) are given by 
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Substituting the above values of 11,  ss Y  in(3a),(2) and taking the positive sign on the RHS of(2),we get 
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 which represent the integer solutions of(1). 

 The recurrence relations satisfied by x  and y  are given by 

25,5,2410

47,3,1610

10231

10231
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Some numerical examples of x  and y  satisfying (1) are given in the following table1. 

 
Table 1: Numerical Examples 

s  
sx  sy  

0 3 5 

1 47 25 

2 483 221 

3 4799 2161 

4 47523 21365 

5 470447 211465 
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A few interesting properties between the solutions are given below: 

1. )1842(6 2222   ss yx  is a nasty  number 

2. integer cubic a is 6)14y- 2( 3+ 614y- 2 1+s1+s3+3s3+3s x  

3. squareperfect  a is 18+ 4y - 2 2+2s2+2sx  

4. 84 112   sss xyy  

5. 5620+ 29y = y 1+s1+s3+s x  

6. 208x1+ 4y= 2x 1+s12+s s  

7. 23278x1+40y= 2x 1+s 1+s3+s   

 

REMARKABLE OBSERVATIONS 

Let qp,   be two non-zero distinct positive integers such that nnn xqyxp  ,2
   

note that 0 qp . Treat 

qp,  as the generators of the Pythagorean triangle T(,,) where = 2pq,         
22 qp   and  

22 qp  . 

Let A,P represent the area and perimeter of T (,,). Then the following interesting relations are observed: 

 

1. 5= 26+ 27-   

2. 11

2
 nn yx

P

A
 

3. By considering the linear combination among the solutions of (1), one may obtain solutions of different 

hyperbolas. A few examples are given in table2 below: 

 
Table 2:Hyperbolas 

S.No x,y Hyperbola 

1 1952,1642 1111   ssss yxyx  1223 22  yx  

2 1952,249 1121   ssss yxyy  86414454 22  yx  

3 1952,26489 1131   ssss yxyy  864001440054 22  yx  

4 1952,72027267 1132   ssss yxyy  14424 22  yx  

5 3011,1642 2111   ssss yyyx  246 22  yx  

6 324109,1642 3111   ssss yyyx  424106 22  yx  

7 29411109,1642 3211   ssss yyyx  14436 22  yx  

8 1952,1810 1121   ssss yxxx  66 22  yx  

9 1952,19699 1131   ssss yxxx  540090054 22  yx  

10 1922,106860594 1132   ssss yxxx  366 22  yx  

11 19297,1642 3111   ssss xxyx  9624 22  yx  

12 3011,249 2121   ssss yyyy  4823 22  yx  

13 29411109,72027267 3232   ssss yyyy  1446 22  yx  

14 324109,26489 3131   ssss yyyy  8480020053 22  yx  

15 88549,1810 2121   ssss xxxx  232 22  yx  

16 87249485,106860594 3232   ssss xxxx  7232 22  yx  
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By considering linear combination among the solutions of (1), one may obtain solutions of different parabolas. A 

few examples are given in table 3 below. 

 
Table 3:Parabolas 

S.No x,y Parabola 

1 3011,1842 212222   ssss yyyx  2462  xy  

2 324109,1842 322222   ssss yyyx  4241062  xy  

3 88549,1842 212222   ssss xxyx  46 2  xy  

4 19297,1842 312222   ssss xxyx  96242  xy  

5 1952,1842 112222   ssss yxyx  1232 2  xy  

 

Note :By considering the negative sign on the RHS of (2),another set of x-values for the  same y-values are obtained. 

 

PATTERN: 2 

Treating (1) as a quadratic in y and solving for y, we have 

)3x4x(6x21y 2                                                    (5) 

Let )34(6 22  xx  

66 22  X                                                     (6) 

where     2 xX                                                                                    (6a) 

The initial solution of (6) is 1,0 00  X  

To find the other solution of (6), consider the Pellian equation 

16 22  X                                                                                                                                            (7) 

whose general solution is given by 
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Substituting the above values of 11,  ssX   in(6a),(5) and taking the positive sign on the RHS of(5), we get 
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The recurrence relations satisfied by x and y are given by 

              ,1610 231   sss xxx  3,1 10  xx  
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              ,2410 231   sss yyy 5,1 10  YY   

Same numerical examples of x and y satisfying (1) are given in the following table (4) 

 
Table 4: Numerical Examples 

s  
sx  sy  

0 -1 1 

1 3 1 

2 47 25 

3 483 221 

4 4799 2161 

5 47523 21365 

 

A few interesting properties between the solutions are given below 

1. )62(6 22 sx  is a nasty number 

2. 62 22 sx  is a perfect square 

3. 1662 133   ss xx  is a cubic integer 

4. 84 112   sss yxy   

5. 56940 113   sss yxy  

6. 1029 112   sss yxx  

7. 1162089 113   sss yxx  

 

By considering linear combination among the solutions of (1), one may obtain solutions of different hyperbolas. A 

few examples are given in table (5) below    

                                          
Table 5:Hyperbolas 

S.No x,y Hyperbola 

1 12,42 111   sss yxx  823 22  yx  

2 85,42 211   sss xxx  246 22  yx  

3 9649,42 311   sss xxx  424106 22  yx  

4 12,1810 1131   ssss yxxx  66 22  yx  

5 12, 1121   ssss yxyy  4823 22  yx  

6 12,249 1131   ssss yxyy  48008003 22  yx  

7 12,249 1132   ssss yxyy  4883 22  yx  

8 88549,1810 3232   ssss xxxx  2424 22  yx  

9 3611,249 3131   ssss yyyy  8480020053 22  yx  

 

By considering linear combination among the solutions of (1), one may obtain solutions of different parabolas.  

A few examples are given in table 6 below. 
Table 6:Parabolas 

S.No x,y Parabola 

1 12,62 1122   sss yxx  1232 2  xy  

2 85,62 2122   sss xxx  2462  xy  

3 9649,62 3122   sss xxx  4241062  xy  
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Note :By considering the negative sign on the RHS of (5),another set of x-values for the same y-values are obtained. 

 

CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by 

01722042 22  yxyxyx . As the binary quadratic diophantine equations are rich in variety, one may  

search for the other choices of hyperbolic and determine their integer solutions along with suitable properties. 
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